LOCALLY UNSPLIT FAMILIES OF RATIONAL CURVES 
OF LARGE ANTIC ANONICAL DEGREE ON FANO 

MANIFOLDS 



CINZIA CASAGRANDE AND STEPHANE DRUEL 

Abstract. In this paper we address Fano manifolds of dimension n > 3 
with a locally unsplit dominating family of rational curves of anticanon- 
ical degree n. We first observe that their Picard number is at most 3, 
and then we provide a classification of all cases with maximal Picard 
number. We also give examples of locally unsplit dominating families of 
rational curves whose varieties of minimal tangents at a general point is 
singular. 
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1. Introduction 

Let X be a Fano manifold, and let V be a dominating family of ratio- 
nal curves on X. By this we mean that V is an irreducible component of 
RatCurves n (X), the scheme parametrizing integral rational curves on X, 
and that the union of the curves parametrized by V is dense in X. 

We say that V is locally unsplit if for general x € X, the subfamily V x of 
curves containing x is proper. This is true, for instance, if V is a dominating 
family with minimal degree with respect to some ample line bundle on X. 

When V is locally unsplit, the anticanonical degree of the curves of the 
family can vary between 2 and n + 1, where n is the dimension of X. 

Following Miyaoka |Miy04| , we define lx to be the minimal anticanonical 
degree of a locally unsplit dominating family of rational curves in X, so that 
lx G {2, . . . , n + 1}. Equivalently, lx is the minimal anticanonical degree of 
a free rational curve in X (see Remark 14. 2p . 
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In this paper we study Fano manifolds with a locally unsplit dominating 
family of rational curves of anticanonical degree n, including in particular 
Fano manifolds X with lx = n. 

Let us recall the following results, due respectively to Cho, Miyaoka, and 
Shepherd-Barron (see also [Kcb02a]), and to Miyaoka. 

Theorem 1.1 QCMSB02 ). Let X be a Fano manifold of dimension n. The 
following properties are equivalent: 

(i) X has a locally unsplit dominating family of rational curves of maximal 

anticanonical degree n + 1; 
(m) X ^ P n . 

In particular, lx = n + 1 if and only if X = P n . 

Theorem 1.2 (|Miy04j). Let X be a Fano manifold of dimension n > 3, 
and with Picard number px = 1- Then lx = n if and only if X is isomorphic 
to a quadric. 

On the other hand, there are also cases where lx = n and px > 1. 

Example 1.3 ( |Miy04| , Remark 4.2). Let A C P n be a smooth subvariety, 
of dimension n — 2 and degree d € {1, . . . , n}, contained in a hyperplane. Let 
X be the blow-up of P n along A. Then X is Fano with px = 2 and lx = n. 
The locally unsplit dominating family of rational curves of anticanonical 
degree n is given by the transforms of lines intersecting A in one point. 

First of all, we show that in fact these are the only examples. 

Theorem 1.4. Let X be a Fano manifold of dimension n > 3, with px > 1 
and lx = n. Then there exists a smooth subvariety A C P n of dimension 
n — 2 and degree d £ {1, . . . ,n}, contained in a hyperplane, such that X is 
isomorphic to the blow-up o/P n along A. 

Together with Miyaoka's result (Theorem ll.2p . this gives a complete clas- 
sification of Fano manifolds with lx = n. 

Then we turn to the case where X is a Fano manifold having a locally 
unsplit dominating family of rational curves of anticanonical degree n, where 
n > 3 is the dimension of X. Notice that this assumption is easier to check 
than the condition lx = n, as it involves only one family of rational curves. 

In the toric case, these varieties have been classified by Fu and Hwang. 

Proposition 1.5 ([FH09 ■, Proposition 11). Let X be a toric Fano manifold, 
of dimension n > 3, having a locally unsplit dominating family of rational 
curves of anticanonical degree n. Then X is one of the following: 

1 ) the blow-up of P n at a linear P n_2 (here p = 2 and lx = u ); 

2) P 1 x P"- 1 (here p = 2 and l x = 2); 

3) the blow-up of P n at A U {p}, where A is a linear P n ~ 2 , and p a point 
not in A (here p = 3 and lx = 2). 

We show that if X has a locally unsplit dominating family V of rational 
curves of anticanonical degree n, then the Picard number of X is at most 3 
(see Proposition I4.5|) . Moreover we classify all cases with px = 3, giving a 
complete description of X and V. Let us describe our results. 

We first contruct and study a family of examples. 
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Example 1.6. Fix integers n, a and d such that n > 3, d > 1 and < a < d. 
Let moreover A C P n_1 be a smooth hypersurface of degree d. 

Set Y := P P „-i(^ P n-i ^ P n-i(a)), and let G Y = IP" -1 C Y be a section 
of the P^bundle F -4 P™" 1 with normal bundle A/g , y = £p»-i(a). 

Finally set Ay := Gy n vr _1 (A) (so that Ay = A), and let a: X -4 F be 
the blow-up of Ay. 

Then X is smooth of dimension n and Picard number 3, and it is Fano if 
and only if a < n — 1 and d — a < n — 1. In the Fano case, these varieties 
appear in |Tsu 06] . where the author classifies Fano manifolds containing a 
divisor G = P" _1 and with negative normal bundle. 

Proposition 1.7. Let X be as in Examvle \l.b\ Then X has a locally unsplit 
dominating family V of rational curves of anticanonical degree n. 

Then we show that these are all the examples with p > 3. 

Theorem 1.8. Let X be a Fano manifold of dimension n > 3, and sup- 
pose that X has a locally unsplit dominating family V of rational curves of 
anticanonical degree n. Then px < 3. 

If moreover px = 3, then X is isomorphic to one of the varieties described 
in Example \1.6\ and the family V is unique. 

We study in more detail the family of curves given by Proposition 11.71 
For x € X, we denote by V x the normalization of the closed subset of V 
parametrizing curves containing x. 

Theorem 1.9. Let X and V be as in Proposition \l. 7\ and x € X a general 
point. Let z G p n_1 be the image of x under the morphism X — > P" _1 , and 
let p z : A — > p n ~ 2 be the degree d morphism induced by the linear projection 

p«-l p«-2 f rom z _ 

Then V x is smooth and connected. If a = 0, then V x = P™ -2 . If a > 0, 
then V x is isomorphic to the relative Hilbert scheme Hilb^ (A/P n ~ 2 ) of zero- 
dimensional subschemes, of length a, of fibers ofp z . 

Finally, we consider the variety of minimal rational tangents (VMRT) 
associated to the locally unsplit family V at a general point x, defined as 
follows. Let 

r x : Vx ^P(T XtX ) 

be the map sending a curve from V x to its tangent direction at x, and define 
the VMRT C x to be the image of t x in P(T^ X ). We still denote by t x 
the induced map V x — > C x ; this is in fact the normalization morphism by 
[Keb02b| and |HM04| . 

Theorem 1.10. Let X and V be as in Proposition \l .1\ and x € X a general 
point. 

1) The VRMT C x C F(T X x ) is an irreducible hypersurface of degree 0*). 

2) Ifa€ {0, l,d-l, d}, then t x :V x ^C x is an isomorphism. 

3) If 2 < a < d—2, then t x : V x — > C x is not an isomorphism. More precisely: 
the closed subset where t x is not an isomorphism has codimension 1, and 
the closed subset where t x is not an immersion has codimension 2. 
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This provides the first examples of locally unsplit dominating families of 
rational curves whose VMRT at a general point x is singular, equivalently 
such that t x : V x — > C x is not an isomorphism (see [HwaOl, Question 1], 
[KC061 Problem 2.20], and [HwalOj ). Notice that if 2 < a < d- 2, then V is 
not a dominating family of rational curves of minimal degree (see Remark 

EH). 

In order to prove Theorems 11.91 and 11.101 we are led to study rela- 
tive Hilbert schemes of zero-dimensional subschemes of the projection of 
a smooth hypersurface from a general point. We show the following result, 
of independent interest. 

Theorem 1.11. Fix integers m, a, and d, such that m > 1 and 1 < a < d. 

Let A C P m + 1 be a smooth hypersurface of degree d. Let z € P m+1 be 
a general point, and let A — > P m be the morphism induced by the linear 
projection from z, where we see P m as the variety of lines through z in 

pm+1 

1) The scheme Hilb^(j4/P m ) is connected and smooth of dimension m, and 
the natural morphism II: Hilb' a l(^4/P m ) — > P m is finite of degree ( ) . 

2) Let I C P m+1 be a line through z, and let [W] E Hilb [a] (A/¥ m ) be a point 
over [£] £ P' m . Then H is smooth at [W] if and only if W is a union of 
irreducible components of in A. 

This result can be applied to study the ramification of the projection of 
the hypersurface A from a general point. The possible non-reduced fibers 
occurring in such a projection are well-known when A is a curve or a surface 
(see for instance |CFllj ). but not in general, to our knowledge. We obtain 
the following result, which nevertheless is not optimal (see the discussion on 
the case dim A = 2 in the last part of the proof of Theorem ll.lOp . 

Corollary 1.12. Let A C P m+1 be a smooth hypersurface, and let A — > P m 

be the morphism induced by the linear projection from a general point of 
P m+1 . Let F = h\p\ + • • • + h r p r be any fiber. Then 

r 

E 

i=l 

1.13. Outline of the paper. In section [21 we introduce notations used in 
the remainder of the paper, and we discuss some properties of families of 
rational curves. 

In section we study Fano manifolds X of dimension n > 3 having a 
prime divisor D with p£> = 1, using techniques from the Minimal Model 
Program, and in particular results from [BCHMIOJ. It follows from |Tsu06l 
Proposition 5] that px < 3; we study the cases px = 2 and px = 3. In 
the case px = 2, we describe the possible extremal contractions of X (see 
Remark 13.21 and Proposition I3.3|) . Then we give a complete classification 
of these varieties when px = 3, see Example 13.41 and Theorem 13.51 This 
generalizes results from [BC W02 | ITsu06j for the case D = p n_1 and negative 
normal bundle. 

In section HI we specialize the results of the previous section to the case 
where X has a locally unsplit dominating family V of rational curves of an- 
ticanonical degree n. Indeed, for general x € X, any irreducible component 



< m. 
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of the locus swept out by curves of the family through x is a divisor D with 
Pd = 1- This yields px < 3. 

We first prove Theorem ll.4l on the case lx = n. Next we show that, under 
the assumptions of Theorem 11.81 if moreover px = 3, then X is isomorphic 
to one of the varieties described in Example II. 6 1 and we determine the class 
of the family V in M\(X) (see Proposition 14. 5p . Finally, when px = 2, we 
describe the possible extremal contractions of X (see Lemma l4.4p . In this 
section we use repeatedly the characterization of the projective space given 
by Theorem ll.il 

In section [5] we first construct a locally unsplit dominating family of ratio- 
nal curves on the varieties introduced in Example 11.61 proving Proposition 
11.71 With the use of Proposition 14.51 we also show that the family is unique, 
completing the proof of Theorem 11.81 Finally, we show Theorems 11.91 and 
11.101 using Theorem 16. II from the Appendix (section [6]) . 

In section Owe discuss the relative Hilbert scheme Hilb' a ' (A/P m ), where 
A — > P m is the projection of a smooth hypersurface A C P m+1 from a 
general point. We first study local properties of the natural morphism 
n: Hilb [al (A/P m ) -)• P"\ and we show that Hilb [a] (A/P m ) is integral (see 
Theorem I6.ip . This is used in the proof of Theorem 11.91 

In Theorem 16.11 we also determine the genus of the curve Hilb^A/P 1 ); 
together with the description of the fibers of II, this is crucial for the proof 
of Theorem [L~TU1 

At last we prove that the Hilbert scheme is smooth (Theorem II. lip , as a 
consequence of Theorem II, 9( and we show Corollary 11.121 
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2. Notations and preliminaries 

Throughout this paper, we work over the field of complex numbers. 

We will use the definitions and apply the techniques of the Minimal Model 
Program frequently, without explicit references. We refer the reader to 
[KM98] and [DebOl] for background and details. 

For any projective variety X, we denote by Af\(X) (respectively, Af 1 (X)) 
the vector space of one-cycles (respectively, Cartier divisors), with real co- 
efficients, modulo numerical equivalence. We denote by [C] (respectively, 
[D]) the numerical equivalence class of a curve C (respectively, of a Cartier 
divisor D). Moreover, NE(A) C J\[\(X) is the convex cone generated by 
classes of effective curves. 
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For any closed subset Z C X, we denote by N\(Z,X) the subspace of 
Afi(X) generated by classes of curves contained in Z. 

If D is a Cartier divisor in X, we set D 1 - := {7 G Afi(X) \ D ■ 7 = 0}. 

If X is a normal projective variety, a contraction of X is a surjective mor- 
phism <p: X — > Y, with connected fibers, where Y is normal and projective. 
The contraction is elementary if px — py = 1. 

Let R be an extremal ray of NE(X). If D is a divisor in X, the sign of 
D ■ R is the sign of D ■ T, T a non-zero one-cycle with class in R. 

Suppose that Kx R < 0, and let <p: X — > Y be the associated elementary 
contraction. We set Locus(-R) := Exc(c^), the locus where (p is not an 
isomorphism. 

By a P^bundle we mean a smooth morphism whose fibers are isomorphic 
to P 1 , while a morphism is called a conic bundle if every fiber is isomorphic 
to a plane conic. 

If $ is a vector bundle on a variety Y, we denote by Py(<#) the scheme 
Proj y (Sym(<f)). 

We refer the reader to [Kol96, §11.2 and IV. 2] for the main properties of 
families of rational curves; we will keep the same notation as [Kol96]. In 
particular, we recall that RatCurves n (X) is the normalization of the open 
subset of Chow(X) parametrizing integral rational curves. 

By a family of rational curves in X we mean an irreducible component 
V of RatCurves n (X). We say that V is a dominating family if its universal 
family dominates X. We say that V is locally unsplit if, for a general point 
x (z X, the subfamily of V parametrizing curves through x is proper. 

Let V be a locally unsplit dominating family of rational curves on X. The 
class in M\{X) of a curve C from V does not depend on the choice of C, 
and will be denoted by [V]. 

We denote by [C] € V a point corresponding to the integral rational curve 
CcX. 

For 1 £ I, we denote by V x the normalization of the closed subset of V 
parametrizing curves through the point x, and by Locus(V^) C X the union 
of all curves of the family V x . 

We denote by Hom(P 1 ,X, i-> x) the scheme parametrizing morphisms 
from P 1 to X sending € P 1 to x. 

We now recall some well-known properties. 

Suppose that x G X is general. Then every curve in V x is free. This implies 
that V x is smooth, of dimension — Kx • [V] — 2, but possibly not connected. 
Moreover there is a smooth closed subset V x C Hom(P 1 , X, 1— >• x), which is 
a union of irreducible components, containing all birational maps / : P 1 — > X 
such that /(0) = x and /(P 1 ) is a curve of the family V x . There is an induced 
smooth morphism V x — > V x , sending [/] to [/(P 1 )]. 

Still for a general point x, if a curve from V x is smooth at x, then it is 
parametrized by a unique point of V x . 

We say that an integral rational curve Cclis standard if the pull-back 
of T X \c under the normalization P 1 -> C is P i (2) ^ P i(l) p ^ 1 ~ p for 
some p G {0, . . . , n — 1}. 
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3. Fano manifolds containing a prime divisor with Picard 

number one 

In this section we study Fano manifolds X having a prime divisor D with 
Pd = 1, or more generally dimA/i(-D, X) = 1. The main technique here is 
the study of extremal rays and contractions of X. 

The first step for the proofs of Theorems 11.41 and 13.51 is the following 
Lemma. It is a standard application of Mori theory, in particular the proof 
can be adapted from [Tsu0 6, proof of Proposition 5], and follows the same 
strategy used in [BCW02J. We give a short proof for the reader's conve- 
nience. 

Lemma 3.1. Let X be a Fano manifold of dimension n > 3 and Picard 
number px > 1, and let D C X be a prime divisor with &\m.Ni(D , X) = 1. 
Then one of the following holds: 

(*') Px = 2 and there exists a blow-up a: X — > Y with center Ay C Y 
smooth of codimension 2, Y is smooth and Fano, and D ■ R > 0, where 
a is the contraction of the extremal ray R o/NE(X); 
(ii) px = 2 and there exists a conic bundle a: X — > Y , finite on D, such 

that Y is smooth and Fano; 
(Hi) px = 3 and there is a conic bundle tp: X —¥ Z, finite on D, such that 
Z is smooth, Fano, and pz = 1- The conic bundle (f is the contraction 
of a face R + R o/NE(X), where R and R both correspond to a smooth 
blow-up of a codimension 2 subvariety. Moreover D ■ R > 0, and we 
have a diagram: 



X 




z 



where a is the contraction of R, a is the contraction of R, Y and Y are 
smooth, Y is Fano, the center Ay C Y of the blow-up a is contained 
in Dy := o~(D), and tt and tt are conic bundles. 

Proof. Let R be an extremal ray of NE(X) with D ■ R > 0, and a: X — > Y 
the associated contraction. 

If R C Mi(D,X), then every curve contained in D has class in R, hence 
o(D) is a point and D C Locus(ii). We conclude that Locus(ii) = X, 
because D ■ R > 0. On the other hand, since px > 1, we can find a non- 
trivial fiber F of a disjoint from D, which yields D ■ R = 0, a contradiction. 
Therefore R <£_ Mi(D,X). 

This implies that a is finite on D, therefore every non-trivial fiber of a 
has dimension one. Thus Y is smooth and there are two possibilities: either 
a is a conic bundle, or it is the blow-up of Ay C Y with Ay smooth of 
codimension 2 (sec [Wis 91, Theorem 1.2]). 

If a is a conic bundle, then py = 1 because o~(D) = Y, so we are in case 
(ii). If a is a blow-up and py = 1, then we are in case (i). 
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Assume that a is a blow-up and py > 2, and set Dy := o~{D). Then Dy is 
a prime divisor in Y and M\{Dy,Y) = a*{J\fi{D,X)), hence dim J\fi(Dy,Y) = 
1. Moreover Ay C .Dy. 

Let E C X be the exceptional divisor. We have —Kx + E = a*{—Ky). 
If C C Ay is an irreducible curve, and C C Dy is an irreducible curve not 
contained in Ay, then there exists A £ Q>o such that C = AC", so that 
-iTy • C = X(-K Y ■ C) = X(-K x ■ C) + \{E ■ C) > 0, whe re C is the 
transform of C in X. This implies that Y is Fano (see [Wis91]). 

We repeat the same argument in Y and take an extremal ray i?2 C NE(Y) 
with Dy ■ R 2 > 0. 

Similarly as before we see that i?2 'f- J^"i{Dy,Y), so that again, if ir : Y — > 
Z is the contraction of i?2 5 tt is finite on Dy and has fibers of dimension at 
most one. Hence as before ir is either a conic bundle or the smooth blow-up 
of a subvariety of codimension 2 in Z. 

If 7r is a conic bundle, then pz = 1 because ir{Dy) = Z, so px = 3. 

Set ip := 7r o a: X — > Z; then ip has a second factorization X A Y A 
Z. Since every fiber of ip has dimension one, both a and 7? have fibers of 
dimension < 1. Applying [AW97, Theorem 4.1] we conclude that <p and tt 
are conic bundles, Y is smooth, and a the blow-up of a smooth subvariety 
of codimension 2, so we are in case {in). 

Finally, ir cannot be a blow-up. Indeed if so, Exc(7r) is a prime divisor 
which intersects Dy, and since dimNi(Dy, Y) = 1, Exc(7r) has strictly 
positive intersection with every curve contained in Dy. In particular Exc(-7r) 
must intersect Ay, as dim Ay = n—2 > 1. If F is a non-trivial fiber of ir with 
F n Ay ^ 0, and Fclis its transform, one has — Kx ■ F < —Ky ■ F = 1, 
a contradiction. ■ 

Remark 13.21 and Proposition 13.31 below describe the possible extremal 
contractions of X in the case px = 2. 

Remark 3.2. Let A be a Fano manifold, and D C A a prime divisor with 
dimA/i(-D,A) = 1. If D is not nef, then it is the exceptional locus of a 
divisorial contraction sending D to a point. 

Proof. Let R be an extremal ray of NE(A) such that D ■ R < 0, and a the 
associated contraction. Notice that Exc(cr) C D since D ■ R < 0. On the 
other hand, every curve contained in D has class in R since dimA/i(-D, A) = 
1. This implies that D = Exc(<r), and that o~(D) is a point. ■ 

Proposition 3.3. Let X be a Fano manifold of dimension n > 3 and Picard 
number px = 2, and let D C A be a nef prime divisor with dimA/i(.D, A) = 
1. Then S := Z?- L nNE(A) is an extremal ray of X, and one of the following 
holds: 

(i) the contraction of S is X — >• P 1 , and D is a fiber; 
(ii) the contraction of S is divisorial, sends its exceptional divisor G to a 

point, and G n D = 0; 
{Hi) the contraction of S is small, it has a flip X — » X' , X' is smooth, 
and there is a ^-bundle ip: X' — > Y' . Moreover ip is finite on the 
transform of D in X' . 
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Furthermore, if there exists a smooth, irreducible subvariety A C D, of 
codimension 2, such that the blow-up of X along A is Fano, then (in) cannot 
happen. 

Proof. 

3.3.1. We first notice that D is not ample, because M\(D,X) C J\f\(X). 
Indeed the push-forward of one-cycles M\(D) — > M\(X) is not surjective, 
so that the restriction map M 1 (X) — > M (D) is not injective. We have 
MHX) ^ H 2 (X,R) (because X is Fano) and M^D) ^ H 2 (D,R), hence 
the restriction map H 2 (X, R) — > H 2 (D,M) is not injective as well. By 
Lefschetz Theorem on hyperplane sections, D cannot be ample (recall that 
n > 3). 

Since D is nef and non-ample, and p x = 2, we conclude that D 1 - nNE(X) 
is an extremal ray S of NE(X). Set G := Locus(S') C X. 

3.3.2. If S C M\(D,X), then the contraction of S sends D to a point, and 
hence D C G. On the other hand D ■ S = 0, thus D is the pull-back of a 
Cartier divisor. Therefore the target of the contraction of S is P , D is a 
fiber, and we are in case (i). 

3.3.3. We assume that S <£ Afi{D, X). If Gf] D ^ 0, then D must intersect 
some irreducible curve C with class in S, and this yields CCD, because 
D ■ C = 0. This contradicts 5 £ M\{D,X), therefore G C\ D = $. In 
particular, the contraction of S is birational. Finally M\(G,X) C Z)- 1 - has 
dimension one; this implies that the contraction of S maps G to points. If 
S is a divisorial extremal ray, then we are in case (ii). 

3.3.4. Suppose now that the contraction of S is small; by [BCHM10, Corol- 
lary 1.4.1] the flip X X' of S exists. Let D' C X' be the transform of D, 
S' the small extremal ray of X' associated with the flip, and G' := Locus(5"). 

Notice that G' n D' = 0, as G n D = 0. 

Notice also that X' has normal, Q-f actor ial, and terminal singularities, 
and Sing(X') C G' . We have p x > = px = 2 and K x > • 5" > 0; on the 
other hand, a curve disjoint from G has positive anticanonical degree. In 
particular, by the Cone Theorem, X' has a second extremal ray T with 
-K x , ■ T > 0, and 

NE(X') = M> 5' + M> T. 

Since the flip X ---> X' is an isomorphism in a neighborhood of D, the 
linear subspace M\(D' ,X') = N\(D,X) stays one-dimensional. Moreover 
D' ■ S' = 0, hence we must have D' ■ T > 0. 

Let -0: X' —7- y' be the contraction of T. Similarly as before, we see 
that T (£ Mi(D',X'). Since the contraction of S sends G to points, the 
contraction of S' sends G' to points. This implies that every curve in G' has 
class in the extremal ray S' . 

We deduce that tp is finite on both D 1 and G'. 

In particular, since D' ■ T > 0, every non-trivial fiber of tp has dimension 
one. 

3.3.5. Let C be an irreducible component of a non-trivial fiber of ip. If 

then: 

• C > 1. 
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Indeed if C C X is the transform of C, we have —Kx> • C > —Kx • C > 1. 
This follows from [KM98, Lemma 3.38], see }Cas09l Lemma 3.8] for an 
explicit proof. 

3.3.6. We show that ip is of fiber type. By contradiction, assume that ip is 
birational. 

Suppose that Exc(V0 H G' ^ 0, and let Fq be an irreducible component 
of a fiber of ip which intersects G' . Notice that Fq <2 G' (since ip is finite on 
G'), in particular F % Sing(X'). We get -K X ' ■ F < 1 by |Ish91[ Lemma 
1.1], and —Kx' ■ Fq > 1 by 13.3.51 a contradiction. 

Therefore ~Exc(ip)PiG' = 0, so that Exc(^) is contained in the smooth locus 
of X'. By |Wis911 Theorem 1.2], Exc(^) is a divisor. We have Exc(^)-S" = 
and Exc(V') • T < 0, hence — Exc(^) is nef, a contradiction. 

Thus ip is of fiber type. 

3.3.7. We show that ip : X' ->■ Y' is a P^bundle with X' and Y' smooth, so 
that we are in case (Hi). 

Since Sing(A"') cannot dominate Y', the general fiber of ip is a smooth 
rational curve of anticanonical degree 2. 

Suppose that there is a fiber F of ip such that the corresponding one-cycle 
is not integral and G'flF ^ 0. Then there is an irreducible component C 
of F, such that -K X ' ■ C < 1. If C n G' = 0, then -if^' is Cartier in a 
neighbourhood of C, and we must have —Kx'-C = 1 and —Kx 1 -(F — C) = 1 
(where we consider F as a one-cycle). Thus, up to replacing C with another 
irreducible component of F, we may assume that CnG' ^ 0, and —Kx'-C < 
1; but this contradicts 13.3.51 

By }Kol961 Theorem II. 2. 8], ^ is smooth in a neighbourhood of tp~ 1 (i^(G')). 
Thus Sing(X') = V _1 (Sing(y') n ip(G')), because Sing(X') C G'. This im- 
plies that Sing(X') = 0, since ip is finite on G' . In particular, Y' is smooth 
(sec [AW97, Theorem 4.1(2)] and references therein), ip is a conic bundle, 
and either the discriminant locus A of ip has pure codimension one or A = 0. 
If A / 0, then ip(G') n A ^ (ip is finite on G" and dimG' > 1), a con- 
tradiction. This proves that ip: X' — > Y' is a P 1 -bundle with X' and Y' 
smooth. 

3.3.8. Suppose now that we are in case (in), and that there is a smooth 
irreducible subvariety A C D of codimension 2, such that the blow-up of X 
along A is Fano. We show that this gives a contradiction. 

Let A' C D' the transform of A, and let us consider the divisor ip*(ip(A')) 
in X'. Since ip*(ip(A')) ■ T = 0, we must have tp*(ip(A')) ■ S' > 0. Therefore 
we find a fiber of ?/> which intersects both A' and G'. 

Let .F C X be the transform of F'. As in I3.3.5I we see that — Kx ■ ^ < 
-iTx' ■ F' = 2, so that -ETx • -F = 1. On the other hand F (1 i / and 
F ^ A, hence the transform of F in the blow-up of X along A should have 
non-positive anticanonical degree, a contradiction. ■ 

We will show that any Fano manifold X with px = 3 having a prime divi- 
sor D with dim J\f\(D, X) = 1 is isomorphic to one of the varieties described 
below. 

We first recall the following definition for the reader's convenience. Let 
Jzf be an ample line bundle on a normal projective variety Z. Consider the 
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Figure 3.4.1. The blow-up a. 



P^bundle Y = Fz(^z®^), with natural projection tt : Y -)■ Z. The tauto- 
logical line bundle &y(l) is semiample on Y. For m S> 0, the linear system 
|^y(m)| induces a birational morphism Y — > Yq onto a normal projective 
variety, contracting the divisor E = Fz(Gz) = Z C Y corresponding to 
the projection ffz © S£ -» &z to a point. Following [BS95J, we call Yq the 
normal generalized cone over the base (Z, =£f). 

Example 3.4. Fix integers n, a, and d, such that n > 3, a > 0, and d > 1. 

Let Z be a Fano manifold of dimension n — 1, with = 1- Let ^z(l) be 
the ample generator of Pic(Z). If m is an integer, then we write Gz(rn) for 
<^z(l)® m . Let moreover A € |^(^)| be a smooth hypersurface. 

Set Y := F Z (G Z © ^z(a)), and let vr: Y -> Z be the P^bundle. 

If a > 0, then there is a birational contraction Y —> Yq sending a divisor 
Gy to a point, where Yq is the normal generalized cone over (Z, ffzifl))- We 
have Gy = Z, Gy is a section of tt, and Mg y /y — &z{—a)- 

If a = 0, then Y = Z x P 1 . Let Gy be a fiber of y -> P 1 . We have 
Gy = Z, Gy is a section of tt, and Mq y /y — @z- 

Let now Gy = Z C y be a section of 7r with normal bundle Nq y /y — 

Gz(a). Notice that Gy n Gy = if a > 0. If a = 0, we choose Gy such 
that Gy DGy = 0. Set ^y := Gy n 7r _1 (A). Finally let a: X -> y be the 
blow-up of ^4y (see figure 13.4. ip . 

Then X is a smooth projective variety of dimension n, with /?x = 3. 

Let G, G C X be the tranforms of Gy,Gy C Y respectively. Then 
G ^ G ^ Z, A/" G/X S ^ z (-a), and ^ ^(-(d - a)). 

The composition (p := ir o a : X ^ Z is & conic bundle, and has a second 
factorization: 
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Table 3.4.3. Intersection table in X. 





F 


F 


C G 




C G + a5F 


E 


-1 


1 





d5 


a5 


E 


1 


-1 


dS 





(d - a)S 


G 





1 


—a5 








G 


1 








-(d-a)5 





-K X 


1 


1 


(i z - a) 5 


(i z - (d - a))5 





where Y = ¥z(^z © &z(d — a)). The images d(G) and a(G) are disjoint 
sections of the P 1 -bundle tt : Y — > Z, with normal bundles A/^/gyy = &z(d— 

a) and -A/^/gwy = @z(& — d). Moreover a is the blow-up of Y along the 
intersection a(G) D vf _1 (A). 

Set E := Exc(cr) and E := Exc(a), and let F d E and F C E be 
fibers of the P 1 -bundles. Let moreover Cz C Z be an irreducible curve 
having minimal intersection with ^(1), and set (5 := ffz(X) 'Cz- Finally let 
Cg C G and C G be curves corresponding to Cz- We have the following 
relations of numerical equivalence: 

(3.4.2) C G + a5F = C d + (d- a)5F, dG + aE = dG + (d - a)E, 

and the relevant intersections are shown in table [3331 where iz is the index 
of Z, i.e. the integer defined by &z(— Kz) — &z(iz)- 

Lemma 3.4.4. The cone NE(X) is closed and polyhedral. 

If a = 0, then NE(X) has three extremal rays, generated by the classes of 
F , F, and Cq, with loci E, E, and G respectively. 

If a > d, then NE(X) has three extremal rays, generated by the classes of 
F, F, and Cq, with loci E, E, and G respectively. 

If instead < a < d, then NE(X) is non-simplicial and has 4 extremal 
rays, generated by the classes of F , F , Cg, and Cq, with loci E, E, G and 
G respectively. 

Proof. Set R := R> [F], R := R> [F], S := M> [C G ], and S := M>o[Cg]. 
We already know that R and R are extremal rays of NE(X), and that R + R 
is a face. 

Since $ := G% © Gz(p) is nef and non-ample, ^y(Gy) = ff^ z ^(l) is 
nef and non-ample in Y, and the same holds for a*(Gy ) = G + E in X. It 
is not difficult to see that (G + E) 1 - n NE(X) = R + S. In particular, this 
shows that S is an extremal ray of NE(X), so that there exists a nef divisor 
H such that H 1 n NE(X) = S. 

If < a < d, then similarly as before &(G) is nef and non-ample in Y, so 
that a*(a(G)) = G + E is nef in X. The plane (G + E) 1 - intersects KE(X) 
along the face R + S; in particular, S is an extremal ray. 

Finally, the divisor 

D := (-G ■ Cq) H + (H ■ Cq) G 
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is nef, it is not numerically trivial, and D ■ S = D ■ S = 0. Therefore 
D 1 - n NE(X) = S + S, and we get the statement in the case < a < d. 

If instead a > d, then (?(G) is nef, non-ample in Y, so that G = a*(a(G)) 
is nef, and does not intersect G. We get G n NE(X) = R + S, which gives 
the statement in the case a > d. 

The case a = follows from the case a = d, see Remark 13.4.61 ■ 

A straightforward consequence of Lemma 13.4.41 is the following. 

Remark 3.4.5. X is Fano if and only if a < iz — 1 and d — a < iz — 1. 

Indeed, since NE(X) is closed and polyhedral, X is Fano if and only if 
every extremal ray of NE(X) has positive intersection with the anticanonical 
divisor (see table I3.4.3P . 

Remark 3.4.6. Suppose that a < d. Then by choosing a' = d — a, we get 
a variety X' isomorphic to X, with the roles of Y and Y interchanged. 

Example 11.61 is a special case of this example, with Z = ¥ n ~ , and the 
additional condition a < d. 

We are now in position to prove the main result of this section. 

Theorem 3.5. Let X be a Fano manifold of dimension n > 3 and Picard 
number px = 3, and let D C X be a prime divisor with dimMi(D, X) = 1. 
Then X is isomorphic to one of the varieties described in Example \3.4\ 



Remark that if X is as in Example 13.41 then G is a prime divisor with 
Pg = 1, and hence dimA/"i(G, X) = 1. 

Proof of Theorem \3. 51 

3.5.1. As px = 3, we are in case {in) of Lemma |3.1| and there is a conic 
bundle (p: X Z. We keep the same notation as in Lemma l3.lt in partic- 
ular we recall the diagram: 




We set E := Locus(i?) and E := Locus(ii). Notice that we may have 
D ■ R > (if D n E ^ 0) or D ■ R = (if D D E = 0). In the first case 
a: X — > Y and a: X — > Y have the same properties with respect to X 
and D, so that their role is interchangeable, while in the second case the 
behaviour of the two blow-ups with respect to D is different. 

3.5.2. We show that every prime divisor B C X must intersect E U E. 

We first notice that a(B) n a(E) ^ in Y. Indeed, if n(a(B)) = Z, then 
the claim is obvious. Otherwise, o~(B) = 7r -1 ((/?(£?)), and the claim follows 
from pz = 1. Thus, if Ay H o~(B) ^ 0, then B intersects E. Otherwise, B 
intersects E. 
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3.5.3. We show that ir: Y — > Z is a smooth morphism. Otherwise it has a 
non-empty discriminant divisor A C Y, whose inverse image c -1 (A) must 
be disjoint from ED E since X is Fano, which contradicts 13.5.21 

3.5.4. Let us consider the prime divisor Dy = cr(D) C Y. We have 
Ml(D Y ,Y) = a t (Afi(D,X)), hence dimMi(D Y ,Y) = 1. 

We show that up to replacing D with another prime divisor D' C X, we 
can assume that Dy is nef. 

Suppose that Dy is not nef. Then Dy is the exceptional locus of a 
divisorial contraction Y —¥ Yq sending Dy to a point, by Remark 13.21 The 
exceptional locus of the composite map X — > Yq is D U E, and is contracted 
to a point in Yq. In particular, neither D is nef (see for instance [KM98, 
Lemma 3.39]). 

Let D' C X be the pull-back of a general prime divisor in Yq. Then D' is 
a prime nef divisor in X, and D' n (D U E) = 0. Notice that the classes [D] 
and [E] in M 1 (X) cannot be proportional, therefore the planes D 1 - and E 1 - 
inTViPO are distinct. AsMi{D',X) C D ± n E ± , we get dimM^D' , X) = 1. 

Bv 13.5.21 we have D' HE ^ 0, hence D' ■ R > 0. Moreover, as £>' is nef, 
we must have &(D') nef too. This shows that up to replacing D with D', 
and R with i?, we can assume that Dy is nef. 

3.5.5. Bv l3.5.4| we can assume that Dv is nef. Then Proposition ^. 3l applies. 
and Dy HNE(y) is an extremal ray Sy of NE(Y). Moreover, since Ay C Dy 
and the blow-up of Y along Ay is Fano, case (Hi) of Proposition 13.31 is 
excluded. 

Suppose that we are in case (i) of Proposition 13.31 Then Y = Z x P 1 
(see for instance |Cas091 Lemma 4.9]), and Dy is a fiber of Y — > P . Since 
j4y C -Dy, X is isomorphic to one of the varieties described in Example 13. 4| 
with a = 0. This completes the proof of Theorem 13.51 in this case. 

3.5.6. We assume that we are in case (ii) of Proposition 13. 3( so that the ex- 
tremal ray Sy is divisorial, its contraction sends the divisor Gy := Locus(SV ) 
to a point, and Dy n Gy = 0. In particular, dimA/i(Gy ,Y) = 1. 

Denote by £?z{X) the ample generator of Pic(Z). By Lemma 13.61 below. 
Gy C Y is a section of ir: Y — > Z, and there exists an integer a > such 
that A/" Gy /y = G z {-a) and F ^ Pz(^z ® @z{a)). 

3.5.7. Suppose that there exists a section Gy C Y of 7r: Y — > disjoint 
from Gy, and containing Ay. We claim that this implies the statement. 
Indeed we have 

&y(Gy) = 0y(Gy)®Tt\6 Z (r)) 

for some r € Z, and since Gy D Gy = 0, restricting to Gy we get r = a, and 
restricting to Gy we get Mq y i y — &z[p)- Thus X is one of the varieties 
described in Example 13.41 for a > 0. 

3.5.8. Let G C X be the transform of Gy. We have Gfl(flUB) = t) since 
Gy n Dy = 0, and hence by [333 

Let us consider now the image <x(G) c Y. Then (t(G) is a section of n, so 
that a(G) = Z and /9^(g) = 1. Moreover cx(G) contains the center A y C Y 
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of the blow-up a. This also implies that Y is Fano, as in the proof of Lemma 

EU 

3.5.9. Suppose now that there exists a section H C Y of n : Y — )• Z, disjoint 
from &{G). Then its transform in Y yields a section of ir: Y — > Z, disjoint 
from Gy, and containing Ay, and this implies the statement bv l3.5.7( 

In order to construct such H, we consider the divisor D y '■= &(D) C Y. 
Notice that dimJ\fi(D y , Y) = 1, and that the two divisors D y and o(G) are 
distinct, because G D D = in X. 

3.5.10. Suppose first that D y is not nef. By Remark 13.21 D y is the ex- 
ceptional locus of a divisorial contraction sending D y to a point. Then, by 
Lemma 13.61 D y is a section of tt. 

Moreover we have D y ■ C > for every curve C C &(G), because D y ^ 
d(G) and p$(G) = 1- Since D y is not nef, the divisors D y and a(G) must 
be disjoint, and we can set H := D y . 

3.5.11. We assume now that D y is nef. Then Proposition 13.31 applies, and 
n NE(Y) is an extremal ray S y of NE(Y). 

We claim that case (Hi) of Proposition 13.31 cannot happen, namely that 
S y cannot be small. Indeed this follows from Proposition 13.31 if A y C D y , 

namely if D n E ^ 0. If instead D<T\E = $, then a(G) n Dp = 0, hence the 
contraction of S y sends &(G) to a point, and it cannot be small. 

Suppose that we are in case (i) of Proposition 13.31 As in !3.5.5l we see that 

Y = Z x P , and Dp and ?(G) are fibers of the projection Y — > P 1 . Thus 

we can define to be a general fiber of the projection Y — >■ P 1 . 

Finally, suppose that we are in case (ii) of Proposition 13.31 so that the 
contraction of S y is divisorial. By Lemma 13.61 Locus(Sp) is a section of w. 
So if Locus(Sp) n d[G) = 0, we set H := Locus(Sp). 

If instead Locus(5p) C\d(G) / 0, then we get Locus(Sp) = d(G), because 
Pa(G) = 1- Therefore by Lemma 13.61 there is a section H o£n disjoint from 
a(G). M 

The following result is certainly well-known to experts. We include a 
proof for lack of references. 

Lemma 3.6. Let Y and Z be smooth connected projective varieties, and let 
7r : Y — > Z be a P 1 -bundle. Let ip :Y —tYo be a birational morphism onto a 
projective variety sending an effective and reduced divisor G to points. Then 

Y = P ' z{&z®-^) for some line bundle jft on Z so that G identifies with the 
section of tt corresponding to @z © ~* ■ Moreover, is ample. 

Proof. By replacing ip with its Stein factorization, we may assume that Yq 
is normal and that tp has connected fibers. 

We show that G is a section of Y — >■ Z. Notice that tt is finite on G. 

Let B C Z be a general smooth connected curve, and set S := 7r _1 (D). 
Then G n S is a reduced curve; let C be an irreducible component of G n 5. 
Moreover let Co C 5 be a minimal section, and / cSa fiber of 7r. Then 
C ^ /. Set e = -C 2 . 

Suppose that C ^ Cq- Then C = aCo + bf where a € Z>o, 6 > ae if 
e > 0, and 26 > ae if e < (see [Har77l Propositions V.2.20 and V.2.21]). 
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Thus: 

C 2 = (aC + bff = -a 2 e + 2ab = a(-ae + 26) > 0. 

On the other hand, the restriction of tp to S induces a birational morphism 
tp\g. S — > ip(S) sending C to a point, and hence C 2 < 0, yielding a contra- 
diction. Thus C = Co, hence G (1 S = Co. This completes the proof of the 
first assertion. 

Set <S := itifGyiG). Then <S is a locally free sheaf of rank 2 that fits into 
a short exact sequence 

corresponding to a € H x {Z , Jl®- X ) , Y identifies with F z (&), G Y {G) with 
the tautological line bundle ff r . z ^\(l), and G corresponds to -» *4t . By 
[Dru041 Lemme 3.2 and Lemme 3.3] we have 

Pic(2C7) Pic(G) H\Z, Jl®~ x ), 

and [^p z (^)(l) maps to (0, a) under the above isomorphism. 

Let be an ample line bundle on Yq. Then there exists m £ Z>o 
such that ?p*J{f = G ¥zi c S) {m) % it* 'Ji®~ m . This implies that [ff ¥z ^ ) (m) ® 
vr*^- m ] = € Pic(2G). Hence we must have a = 0, and # ^ ^T. 
Let G' be the section of Y — > Z corresponding to ^ = Gz®^ @z- Then 
G n G' = 0, therefore V*^|G' is ample. But ^*J^\ G , = Jt®~ m under the 
isomorphism G' = Z. This completes the proof of the Lemma. ■ 

4. Fano manifolds with a locally unsplit family of rational 
curves of antic anonical degree n 

In this section, we prove Theorem 11.41 and Proposition 14.51 We start with 
the following observations. 

Remark 4.1. Let V be a locally unsplit dominating family of rational 
curves on a smooth projective variety X, and suppose that the curves of 
the family have anticanonical degree n. Let x be a general point, and let 
Locus(V^) C X be the union of all curves parametrized by V x . Then by 
[Kol96[ Corollaries IV. 2. 6. 3 and II. 4. 21] we have that Locus(V^) is a divisor 
and M(Locus(14), X) = R[V]. 

Remark 4.2. Let X be a Fano manifold, and recall that lx is the minimal 
anticanonical degree of a locally unsplit dominating family of rational curves 
in X. 

If x £ X is a general point, then every irreducible rational curve C through 
x has anticanonical degree at least lx, see [Kol96l Theorem IV. 2. 4]. This 
implies that lx can equivalently be defined as the minimal anticanonical 
degree of a dominating family of rational curves in X. 

Proof of Theorem \1.4\ Since lx = n, there is a locally unsplit dominating 
family V of rational curves of anticanonical degree n. Thus by Remark 14.11 
X contains a prime divisor D with dimA/i(D, X) = 1, so that we can apply 
Lemma 13.11 

Since lx = n > 2, we know that X cannot have a conic bundle structure. 
Therefore Lemma 13.11 yields that px = 2 and there exists a: X — > Y such 
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that Y is smooth with diml" = n and py = 1, and cr is the blow-up of 
A <zY smooth of codimension 2. 

Let E C X be the exceptional divisor; we have — Kx + E = a*(—Ky). 

Let If be a locally unsplit dominating family of rational curves in Y, 
C C Y a general curve of the family, and C C X its transform. Then 
C % A, hence E ■ C > 0. Moreover C moves in a dominating family of 
rational curves in X, so that —Kx ■ C > n. This yields —Ky ■ C > n. 

We show that — Ky ■ [W] > n. Indeed if —Ky ■ [W] = n, then for any 
curve C of the family such that C <2 A, we must have E ■ C = 0, and 
hence C D A = 0. On the other hand, for y £ Y general, Locus(W 3/ ) is an 
ample divisor (recall that py = 1), so that it must intersect A. This gives a 
contradiction. 

We conclude that W has anticanonical degree n + 1 , so that Y = P n by 
Theorem 11.11 

Now if t C P n is a line intersecting A in at least two points, and £ C X is 
its transform, then — i^x ■ £ < n. We deduce that the secant variety Sec(^4) 
of A is not the whole P n , and this implies that A is degenerate (see for 
instance [Laz04j Theorem 3.4.26]). Finally one can check that since X is 
Fano, the degree d of A is at most n, completing the proof. ■ 

The proof of Lemma 14.41 below depends on the following result, which is 
of independent interest. 

Lemma 4.3. Let X and Y be smooth connected projective varieties, and 
let tt : X — > Y be a P 1 -bundle. Let V be a locally unsplit dominating family 
of rational curves on X with —Kx ■ [V] = dim(X) > 3. Set n := dim(X). 
Then X = P 1 x P™" 1 , and V is the family of lines in the P n_1 's. 

Proof. Let x be a general point in X, V% an irreducible component of V x , 
and U' x ^fV' x the universal family. Let U' x — > X be the evaluation morphism, 
and U' x — > T its Stein factorization. Then T is a normal generalized cone; 
in particular p? = 1 by [Kol96, Corollary II. 4. 21]. 

We claim that the composite map T — y X — y Y is finite; in particular, it is 
dominant. Suppose otherwise. Then, by [Kol96, Corollary II. 4. 21], tt sends 
every curve in D := Locus(V^) to a point. Thus — Kx • [V] = 2, yielding a 
contradiction. 

Set Z := T xy X, with natural morphisms t: Z — y T, and v: Z — y X. 




Notice that r is a P 1 -bundle. Let Tz C Z be the section of r induced by 
T -y X; we have v(T z ) = D. Then Z = F T (£), where S := t^ z (T z ) is a 
rank 2 vector bundle on T that fits into a short exact sequence 

with ^# a line bundle on T. Moreover, $ — » ^# corresponds to the sec- 
tion and &z(Tz) identifies with the tautological line bundle, so that 

0Z{T Z )\T Z =T*Jt\ Tz . 
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We prove that —Ky ■ tt*\V} < n. Suppose otherwise, namely that K x /y ' 
[V] > 0. We have: 

G Z {K ZIT ) G Z {-2T Z ) ® r*J( y 

and therefore 

0z{K z/T )\ Tz = &z{-Tz)\t z - 

Let [C] € V£, and let C z be an irreducible component of i/ _1 (C) contained 
in T z . Then, by the projection formula: 

-T Z ■ C z = K z/T ■ C z = u\K x/Y ) ■ C z = mK x/Y • C > 0, 

where m 6 Z>o is such that v*Cz = mC. This implies that ^# • t*Cz < 0. 

Let now [C'\ € V be a general point, and an irreducible component of 
i/ (C) not contained in T Z - Then, as above, we must have K z j T ■ C' z > 0. 
On the other hand, Tz • C' z > since C' z (£. Tz, and M ■ t*C' z < because 
pr = 1, This implies that 

K Z /T ■ C'z = -2T Z -C' z + J{- nC' z < 0, 

yielding a contradiction. Therefore — Ky • 7t*[V] < n. 

Let [C] G V be a general point, and set t := 7r(C). Then we must have: 

-K Y ■ £ < n = dim(y) + 1. 

Let Vy be the irreducible component of RatCurves n (y) passing through I. 
Let x G C be a general point, and set y := 7r(x) € £. Then dim(Vy) 2/ > 
dimV^ = dimy — 1 since T — > Y is dominant, and hence 

-K Y ■ I = -K Y ■ [V Y ] = dim(V Y ) y + 2 > dimY + 1 

by [Kol961 Theorems II.1.7 and 11.2.16]. Thus ir*C = £, -K Y -£ = dim(Y) + 
1, and 

K X /Y ■ [V] = 0. 

Let F be the normalization of 7r _1 (£), and let t be the normalization of 
t. Let C be the transform of C in F. By the projection formula, we have 
K ¥/l ■ C = K x/Y ■ C = 0. This implies that F = lxP', and that C is 
a fiber of F — > P . In particular, 7T|c : C — > £ is birational. Thus, IV is a 
locally unsplit family of rational curves with — .Ky • [Vy] = n = dim(Y) + 1. 
Therefore Y = P n_1 by Theorem [HQ and T = D is a section of 7T. Since 
Kx/Y ' W\ = 0, we m ust have ^# = 0, and hence ^# = ff^n-i. Finally, 
g ^ 0® a _ ls since h 1 ^ 71 ' 1 , pn -i) = 0. This completes the proof of the 
Lemma. ■ 

Lemma 4.4. Let X be a Fano manifold of dimension n > 3 and Picard 
number p x = 2, and suppose that X has a locally unsplit dominating family 
of rational curves V of anticanonical degree n. Let D C X be an irreducible 
component o/Locus(V^) for a general point 
Then one of the following holds: 

(a) X is the blow-up of P n along a linear subspace of codimension 2; 

(b) X ^P 1 x P™- 1 ; 
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(c) D 1 - n NE(X) is an extremal ray of X, whose associated contraction is 
divisorial and sends its exceptional divisor to a point; the other extremal 
contraction of X is either a (singular) conic bundle, or the blow-up of a 
smooth variety along a smooth subvariety of codimension 2. 

Proof. By Remark |4~T1 J\fi(D,X) = R[V]. This implies that D is nef since 
D ■ [V] > 0. Let R be an extremal ray of X such that D ■ R > 0, and let 
a : X — > Y be the contraction of R. By Lemma 13.11 Y is a smooth Fano 
variety, and either a is a blow-up with center Ay C Y smooth of codimension 
2, or a is a conic bundle. Set S := PlNE(X). Then S is an extremal ray 
of X by Proposition 13.31 

Suppose that we are in case (i) of Proposition 13.31 We show that we are 
in case (a) or (b). The contraction of S is <p: X — > P , L> is a fiber, and 
hence -D • [V] = 0. Let F be a general fiber of <p. Then the family of rational 
curves from V contained in F is locally unsplit with anticanonical degree 
dim(F) + 1, thus F ~ P" -1 by Theorem O 

Let Bq C P 1 be a dense open subset such that Xq := (p~ l (Bo) — > Bq 
is smooth. By Tsen's Theorem, there exists a divisor Hq on Xq such that 

& F {H Q \p) ^pn-l(l). 

Let H be the closure of Hq in X. Then H is 93-ample since ip is elementary. 
If p £ P , then [v*(p)] • H n ~ l = 1. Therefore, all fibers of <p are integral, and 
by |Fuj75t Corollary 5.4] we have X = Ppi (#) with a vector bundle of rank 
n onP 1 . Since X is Fano, it is not difficult to see that either X ^ P 1 x P 71 " 1 , 
or X is the blow-up of P n along a linear subspace of codimension 2. Thus 
we get (a) or (6). 

Case (ii) of Proposition [3731 is (c). 

We show that case (in) of Proposition 13.31 does not occur. Suppose oth- 
erwise. Then the contraction <p of S is small, it has a flip X — » X' , X' is 
smooth, and there is a smooth P 1 -bundle tp: X' —¥ Y' . Let [C] £ V be a 
general point. Then Exc(y>) n C = (see [Kgl96, Proposition II.3.7]). Let 
V' be the irreducible component of RatCurves n (X') passing through the 
transform C' of C in X' . 

We show that V is a locally unsplit dominating family of rational curves 
on X' . Let x G X \ Exc(</?) be a general point. If Locus(V x ) fl Exc(y?) 7^ 0, 
then [y] G 5 since M\ (Locus , X) = R[V] and L> • 5 = 0, and hence 
Locus(S*) = X, yielding a contradiction. Therefore, Locus(14)nExc(c/?) = 0, 
and hence V' x = V x is proper. This proves that V is a locally unsplit 
family of rational curves. Notice also that —Kx< • [V] = n. By Lemma 14.31 
X' ~ P 1 xP n_1 , so that X' does not have small contractions, a contradiction. 
This completes the proof of the Lemma. ■ 

Finally, we prove the main result of this section. 

Proposition 4.5. Let X be a Fano manifold of dimension n > 3, and 
suppose that X has a locally unsplit dominating family V of rational curves 
of anticanonical degree n. Then px < 3. 

If moreover px = 3, then X is isomorphic to one of the varieties described 
in Example \1.6\ and [V] = Cq + (d — a)F, where F is a fiber of a, and Cq 
is the transform of a line in Gy = P n_1 (notations as in Example \1.6\) . 
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Proof. Let D C X be an irreducible component of Locus(V^) for a general 
point x £ X. Then Mi(D,X) = R[V) by Remark ED and by Lemma O 
we have px < 3. Notice that D is nef, because D ■ [V] > 0. 

4.5.1. We assume that px = 3. By Theorem 13.51 X is as described in 
Example 13.41 We use the notations of Example 13.41 and Theorem 13.51 in 
particular we refer the reader to table for the intersection table of X. 
We have to show that Z = P n_1 , that a < d, and that [V] = C G + aF = 
C d + (d- a)F fsee 

4.5.2. Notice that G-[V] = 0. Indeed if for instance G n D ± 0, as p G = 1, 
then there exists A € Q>o such that [V] = A[Cg]. On the other hand 
G • [V] > while G ■ C G = -aS < 0, and we conclude that G ■ [V] = 0. 

Set m := -K z ■ C z = i Z 5 > 0. Since [F], [F], [C G ] are a basis of M(I), 
and we can write: 

[V] =aF + pP + 7 C G , 

with a, /3, 7 G Q. Intersecting with G yields /3 = ajS, and intersecting with 
— Kx yields a = n — rwy: 

(4.5.3) [V] = {n-mj)F + ajSF + -yC G . 

Notice that 7 > 0, because [F] belongs to the extremal ray R, and [V] R. 
Moreover E ■ [V] = ^5(d — a), so we obtain d — a > 0. 
Finally, we also have G ■ [V] = n — rwy > 0. 

4.5.4. By (jiX3D we have 

(4.5.5) -K z -<p*[V] = -K z ■ jC z = 7m < n = dim Z + 1. 

Let [C] G V be a general point, and let Vz be the irreducible component 
of RatCurves n (Z) passing through (f{C). Let x G C be a general point, and 
set z := <p{x). Then dim(V^) z > dimT4 = dimZ — 1, and hence 

-K z ■ [V z ] = dim{V z ) z + 2 > dim Z + 1 

by |Kol961 Theorems II.1.7 and II.2.16]. Thus using (14331) we get ip^C) = 
</?(C), 7 = n/m, dim(Vz) z = dimT4, and 

(4.5.6) - K z ■ [V z ] = dim Z + 1. 
Therefore (|4.5,3p becomes: 

(4.5.7) [V] = - (a5F + C G ) . 

4.5.8. We show that Vz is a locally unsplit family of rational curves on Z. As 
dim(V^)z = dimVJc, and V x is proper, the curves in (Vz) z and their possible 
degenerations are images of curves in V x , which are integral. Therefore, 
in order to show that Vz is locally unsplit, we only have to exclude the 
possibility that (p has degree > 1 on some curve of V x . 

We proceed by contradiction, and assume that for some [Goo] G V x , the 
morphism G^ — > ^(Gqo) has degree k > 2. 
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Let £ — > V'(Coo) be the normalization, set F := £ xz Y, and denote by 
7T| F : F — > £ (respectively, v : F — > Y) the natural morphisms. 



F^~ Y-^— X 




£ ^ Z 



Let C^, C F be the transform of criCoo) C 1". Let moreover Co C F be a 
minimal section of 7rw, and / C F a general fiber. 

We have Gy ■ o{cJ) = a*(G Y ) ■C oo = G-[V}=0 byESM and ^(Coo) £ 
Gy because x S Co is general, hence Gy D cr(Coo) = 0. 

The pull-back of Gy to F is precisely Co, so that C^, n Co = 0. Moreover 
7T|f has degree k on C^. 

Set ao := — Cq € Z>o- Then F = F ao , and we obtain: 

(4.5.9) C^ = (C + a /) and - K ¥ • C^ = k(a + 2). 

Consider now u*Gy C F. This is a section of irm disjoint from Co, so that 

v*Gy = C + oof. We also have a*G Y = G + E, and G ■ [V] = by ([iXTjl . 
so using the projection formula: 

(4.5.10) E-C 00 = a*G Y ■C oc = G Y - a^) = u*G Y ■ = ka . 

Since Ay C Gy, we have i/ _1 (>ly) C v*G Y . Moreover C^ E U E 
because x € Coo, hence (/'(Coo) 2 A an d ^ _1 (Ay) is a zero-dimensional 
scheme. 

We see z^ -1 (Ay) as a zero-dimensional subscheme of v*G Y = P ; in par- 
ticular, it is determined by its support and by its multiplicity at each point. 
We write v~ l (A Y ) = h\p\ + • • • + h r p r . 

4.5.11. Let w. F — > F be the blow up of F along v~ l (A Y ); note that there 
is a natural morphism v: F — > X: 




Observe that F is a normal surface, with l.c.i singularities. Indeed, locally 
over pi, F can be described as the blow-up of at the ideal (x hi ,y). In 

particular, F is smooth at zu~ 1 (pi) if h{ = 1, otherwise it has a Du Val 
singularity of type 

Set Fi := w^ 1 (pi) (with reduced scheme structure); then 

(4.5.12) ii~ = w*K ¥ + M 5 *, and zZ hiFi = V * E - 

l<i<r Ki<r 
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Let C^ C F be the transform of C^ C F. Then uiC'^) = Coo, and using 
(|4.5.12|) . (13X91) . and (I4.5.1UI) . we get: 

(4.5.13) - Kg • C'^ = -K ¥ ■C' oo -E-C OD = 2k + ka - ka = 2k. 

4.5.14. The curve C^ is an integral rational curve in F, of anticanoni- 
cal degree 2k by (|4.5. 13|) . We fix a point po E C'^ such that z?(po) = %■ 
By [Kol96, Theorems II. 1.7 and II. 2. 16], every irreducible component of 
RatCurves n (F,po) through [C^J has dimension > 2k — 2 > 2, because k > 2 
by assumption. 

Let B C RatCurves n (F,po) be an irreducible curve through [C^-J. If B 
is proper, we get Locus(-B) = F and hence = 1 by [Kol96] Corollary 
IV. 4. 21], a contradiction. If instead B is not proper, the closure of its image 
in Chow(F) contains points corresponding to non-integral curves. But this 
gives again a contradiction, because V x is proper. 

We conclude that Vz is a locally unsplit family of rational curves on Z, 
with -K z ■ [V z ] = dimZ + 1 by (jlXBTl . Hence Z = P™" 1 by Theorem fTTTl 
Cz C Z is a line, 5 = &z(X) • Cz = 1, m = — i^z • = n., and 7 = 1. 
Finally [V] = aF + C G by (12X71) . ■ 

5. Examples of locally unsplit families of rational curves of 

antic anonical degree n 

Let X be one of the varieties introduced in Example II. 6( we use the same 
notations as in Examples 11.61 and I3.4|, with Z = P n_1 . 

We construct a dominating family of rational curves on X, and then show 
that it is locally unsplit. Notice that the condition a < d is necessary to 
ensure the existence of such a family, see 14.5.21 

We first consider the case a = 0, so that Y = P"" 1 x P 1 , and X is the 
blow-up of P™ -1 x P 1 along A x {po}, where po £ P 1 is a fixed point. The 
general curve of the family V is the transform in X of I x {p} c Y, where 
p ^ Po and £ C P™ -1 is a line. Therefore V is a locally unsplit dominating 
family of rational curves, and for a general point x € X, V x is isomorphic to 
the variety of lines through a fixed point in P n_1 ; hence V x = P n ~ 2 . 

Suppose from now on that a > 0, and set 

Io:=I\(£U£UGUG). 

Let £ C P™ -1 be a line not contained in A, and let x € Xq be such that 
<p(x) € £. Set F := -n~ x {£) = P P i(^ P i ^pi(a)), and denote by 7T| F the 
restriction of n to F. We have Gy n F = Co the minimal section of ttif, and 

Cy n F = P 1 is another section with Gy n F = Co + af, where / is a fiber 
of 7T| F (see figure ISTTTTj) . 

Since A C P n_1 is a hypersurface of degree d, and ^ ^ A, A n £ is a 
zero-dimensional scheme of length d. Moreover Ay n F is isomorphic to 
A n £, because Cy is a section of ir. In particular Ay n F can be seen as a 
closed subscheme of £ = P 1 , hence it is determined by its support and by its 
multiplicity at each point. 

Recall that 1 < a < d by assumption. Let us consider a closed subscheme 
W of Ay n F, of length a. Again, W is determined by its support and by 
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C = Gy n F 



Gy n F 



Ci 

Figure 5.1.1. The surface F. Here d = 4, a = 2, Ay n F = 
{Pl,P2, 91,92}, and W = {pi,p 2 }- 

its multiplicity at each point, so that without loss of generality we can write 
W = {pi, . . . ,p a }, where pi are possibly equal points in Ay H F (and each 
Pi appears at most hi times, if hi is the multiplicity of Ay H F at pj). 

Construction 5.1. VFe associate to (£, W,x) a smooth rational curve C C 
X, of anticanonical degree n, and containing x. 

Set y := a(x) € F \ (7T -1 (A) U Gy U Gy). We write J w (respectively, 
<# y ) for the ideal sheaf of W (respectively, y) in F. We claim that 

h° (F, ^ F (G + af) ®JF W ® J? y ) = 1, 

and that the corresponding curve on F is smooth and irreducible. 

Since h°(¥, tff ¥ (C + af)) = a + 2, we must have h°(¥, &w(C + af)®^ w ® 
J y ) > 1. 

Let C\ E |Go + af \ be a curve containing W and y. Observe first that 
C\ is irreducible. Otherwise, since C\ ■ f = 1, there is a unique irreducible 
component C[ of C\ such that G{ • / = 1 and Gi = G{ + r/ for some r > 1 
(G{ is a section of 7T| F ). In particular, G{ € \Cq + bf\ with b < a. By |Har77l 
Corollary V.2.18], we have b = and C[ = G . Thus Gi = G U / x U • • • U /„ 
where the /j's are possibly equal fibers of nw. 

Notice that W is a subscheme of both C\ = G U /1 U • • • U f a and Gy n F. 
Since Gy n F is disjoint from Go, we must have 

w = { Pl ,...,p a }Q(f 1 u---uf a )nG Y . 

On the other hand Gy intersects transversally any fiber of irm, thus we 
get {pi, . . . ,p a } = {fi n Gy, . . . , f a n Gy}, and up to renumbering we can 
assume that fi is the fiber of 7T|f containing pj. This implies that y G C\ C 
7r _1 (A) U Gy, which contradicts our choice of y. Thus Gi is irreducible, 
hence it is a section of 7rw, and Gi = P 1 . 

To show that Gi is unique, let G2 € |Go + a/| be another curve containing 
W and y. Then G2 is irreducible, C\ ■ C2 = a, and {pi, . . . ,p a ,y} C Gi n G2, 
which implies that Gl = G2. This show our claim. 

We remark that: 

(5.1.2) A Y nC 1 = G Y \c l . 

Indeed C\ is not contained in Gy, because y Gy. Moreover W C Ay D 
Gi C Gy n Gi and Gy • Gi = a, so that W = Ay n Gi = Gyi Cl . 
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We define C C X to be the transform of C\ C Y, so that C is a smooth 
rational curve through x. It is not difficult to see that C = Cq + aF, and 
hence —Kx ■ C = n (see table E33])- 

Lemma 5.2. If if) A is either reduced, or has a unique non reduced point 
of multiplicity 2, then: 

t X \ C tf P i(2) e ^ P i(i) n " 2 e ^ P i, 

hence C is a standard, free, smooth rational curve. 

Proof. Suppose first that C D(Ef]E) = 0. This implies that ip is smooth in 
a neighbourhood of C, thus the map Tx\c ~^ l P*Tp n - 1 \c * s on t°- Its kernel 
is a torsion free sheaf of rank 1 on C, hence a locally free sheaf, of degree 
-K x ■ C + <p*K pn -i ■ C = 0. Since </?*T P n-i| C ^ ^ P i(2) ^(l)™" 2 , this 
implies the statement. 

Suppose now that C fl (i? fl B) / i, and let x% be a point in this inter- 
section. Set z\ := ip(xi), and let h E {1,2} (respectively, k S {1, fo}) be the 
multiplicity of z% in £ n A (respectively, in W C £ n A). 

Notice that and £" are Cartier divisors on X, and they do not contain 
C in their support. 

As a is an isomorphism on C, we have E\q = C n E = C\ fl = W. On 
the other hand: 

(E + E) lc = <p*(A) ]c = tf c (A l£ ), 
therefore we have the following equalities of divisors on C: 

CnE = E\ c = tf c (A [e -W). 

In particular z\ has multiplicity h — k in ^(CnB), and since xi G Cn£, 
we have h — k > 0. We deduce that h = 2, k = 1, and zi is the unique 
non-reduced point in £ n A 

As n (A|£ — W) = we also deduce that C intersects E fl E only 

in sci. Moreover, since C is transverse to E (and to 2£) in x\, we have: 

Cn£n£ = {xi}. 

Now let us consider the tangent morphism dip: Tx — > (p*Tp n -i, which is 
surjective outside EPiE, and has rank n — 2 in every point x € E n E, with 
image T^ ^). Let us also consider the natural surjective morphism: 

f: 99*T P n-i — ► (^*(T P n-i/TA)| £;n ^ . 

Since £" and E intersect transversally, a local computation shows that the 
image of dip is the subsheaf of <p*Tf, n -i given by the kernel of £. In other 
words, we have an exact sequence: 

T x -A 93*T P „-i — > (/?*(T P n-i/TA)| En ^ — >• 0. 

Let us now restrict to the curve C. Then <^*(Tpn-i/TA)|£ n £ nC , = C Xl is 
a skyscraper sheaf, and we have an exact sequence: 

Tx\c <P*Tpn-i\ C -U- C X1 — > 0, 
where &c is just the evaluation map. 
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We have </?*T P „-i| C ^ 0&i(2) © ^ P i(l)"" 2 , and the factor ff ¥ i(2) ^ 
ip*T^ c C (/7*T P n-i| C is contained in ker(£|c), because T^ Zl C Ta >z1 . There- 
fore we get an induced surjective morphism ^pi(l) n_2 — > C Xl , whose kernel 
is ^pi(l) n_3 ffi ^pi. This gives an exact sequence 

— > ^pi(2) — > ker(^| C ) — ► ^pi(l) n ~ 3 £pi — ► 0, 

which yields ker(£| C ) ^ 0pi(2) ^(l)"" 3 P i. 

Thus ftV|c yields a surjective map Tx\c ~^ ^pi(2) © ^pi(l) n-3 © ^pi. 
The kernel of this morphism is a torsion free sheaf of rank 1 on G, hence 
a locally free sheaf, of degree — Kx • C — (n — 1) = 1. Finally, the exact 
sequence 

— > ^ P i(l) — > T X | C ^ P i(2) © ^pi(l) n " 3 © tfpi — >■ 
gives the statement. ■ 
Lemma 5.3. Xe£ C" 6e an effective one-cycle in X such that C = C and 

Then C is integral and is obtained as in \ 5.1l for some choices of £' C 
P n , x' £ X, and W C £' fl A. In particular, C is again a smooth, 
connected rational curve. 

Proof Since <p*(C') = <p*(C), it follows that <p(C') is a line £' in P"" 1 , and 
£' % A because C % ip^ 1 (A) = E U E. Moreover, there is a unique irre- 
ducible component C" of C that maps onto £', and C" —> £' is a birational 
morphism. 

Therefore we have 

C' = C" + Fx + • • • + F r + Fi + • • • + F s + e x + • • • + e h , 

where the Fj's are (possibly equal) fibers of (p\g, the Fj's are fibers of cp,^, 

and the ej's are fibers of ip over p n_1 \ A. Moreover C = Cq + o,F, and 
using table 13.431 we get: 

= G-G' = G-C" + s + h and = G ■ C = G ■ C" + r + h. 

Since C" is irreducible and G n G = 0, the intersections G • C" and G • C" 
cannot be both negative; this yields h = 0. Then C" cannot be contained 
in G U G, because C' is not contained in E U E U G U G. We conclude that 
r = s = 0, and G' = C" is integral. 

Set F' := 7r _1 (£ / ) C y, and denote by Trmi the restriction of n to F'. We 
consider the curve C[ := cr(C') C F'. 

Since n\c' has degree one, we have C[ = Cq + r/', where Gq = Gy fl F' is 
the minimal section of irgi, f is one of its fibers, and r € Z. 

On the other hand we have 

— if F / /£/ • Gj = — Kyffin— l • G^ = — Ky jf>ri— i ■ Gj = — K^f^ ■ Gj = ft, 

where Gi := cr(C). Therefore r = a, and G{ E |Gq + o/'|. 

Finally, as E ■ C' = a and C[ is smooth, C[ intersects Ay in a zero- 
dimensional subscheme W' of length a. This shows that C' is a curve ob- 
tained via the construction described in 15.11 ■ 
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Proof of Proposition \1.7\ If a = 0, the statement is clear. 

Suppose that a > 0. By Theorem 16.51 pairs (£,W) where £ C P™ -1 is a 
line not contained in A, and W C £n^4 is a subscheme of length a, vary in an 
irreducible family of dimension 2n — 4. Using this, it is not difficult to show 
that varying (£, W, x), construction 1 5 . 1 1 yields an irreducible algebraic family 
of smooth, connected rational curves in X, of anticanonical degree n. More 
precisely, we get a locally closed irreducible subvariety Vq of RatCurves n (X) 
of dimension 2n — 3, whose points correspond to curves C obtained as in 

EU 

By Lemma f5. 2 1 a general curve C from Vq is free and hence yields a smooth 
point in RatCurves n (X). Moreover, dim^i RatCurves n (X) = -K x ■ [V] + 
n — 3 = 2n — 3. This implies that the closure V of Vq in RatCurves n (A) is 
an irreducible component, and that V gives a dominating family of curves 
of anticanonical degree n. 

On the other hand, Lemma [5.31 shows that V x is proper for every x € Xq, 
so that V is a locally unsplit family. ■ 

Remark 5.4. Let Jtf be an ample line bundle on X. If 2 < a < d—2, then V 
is not a dominating family of rational curves of minimal degree with respect 
to Jtf. Indeed, the family W of curves on X whose points correspond to 
smooth fibers of cp is a locally unsplit dominating family of rational curves, 
and [W] = F + F. Thus 

. [V] = - [jtf ■ C G + J? ■ Cq + ad? ■ F + (d - a)J? • f) > Jff ■ [W\. 

Proof of Theorem \1.8[ The first part of the statement follows from Proposi- 
tion |33J Assume that px = 3. Then, again by Proposition 14. 5\ X is isomor- 
phic to one of the varieties described in Example 1 1.6\ and [V] = CQ+{d—a)F 
(notation as in Example 1 1 . 61 and Proposition l4.5p . By (|3.4.2p . this is the same 
as [V] = Cq + clF. This means that the curves of the family V are numeri- 
cally equivalent to the curves obtained in construction ^. ll Thus Lemma [5. 3 1 
implies that the family V coincides with the family of curves constructed in 
the proof of Proposition 11.71 ■ 

Proof of Theorem 1 1.91 As before, we can assume that a > 0. Let x G Xq 
be a general point, and set z := <p(x) € P n_1 . Let p z : A — > f n ~ 2 be the 
morphism of degree d induced by the linear projection p n_1 p«-2 f r0 m 
z, where we see P n ~ 2 as the variety of lines t through z in P n_1 . Then the 
pairs (£, W) such that t C P n_1 is a line through x, and W C A n £ is a 
zero-dimensional subscheme of length a, are parametrized by the relative 
Hilbert scheme U z := Hilb [a] {A/¥ n - 2 ). 

Since x is general, T~L Z is integral by Theorem l6.U Therefore, using [Har77j 
Corollary III. 12.9], construction 15. ll can be made in family over "H z . 

One first constructs a subscheme C\ C Y x H z , such that the fiber of 
C\ — > Hz over {£, W) is the curve C\. As C\ intersects Ay x % z along the 
Cartier divisor Gy x H z (see (|5.1.2p ). the transform 

c c x x n z 

of C\ C Y x T-L z is isomorphic to C\. In particular, the fiber of ^ : C — >• H z 
over (£, W) is the curve C. 
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As C is a smooth rational curve through x, £: C — > H z is a P -bundle 
with a section s: 1~L Z — > C, given by s(/i) = (x, h). 

In particular, C is the projectivization of a rank 2 vector bundle over "H^, 
and it is locally trivial in the Zariski topology. 

Fix a point € P 1 . Let Hq C H z be an open subset such that ^~ 1 {Hq) = 
P 1 x Hq. We can assume that the section S|# , under this isomorphism, is 
identified with the constant section {0} x Hq. 

Therefore we get a morphism over Hq: 

P 1 X Ho ->• X X Hq, 

which is an embedding on P 1 x {/i}, and sends (0, h) to (x,h), for every 
h G i?o- This yields a morphism #0 ~~ ^ Hom(P 1 , X, i-> s). 

Since x is general, every curve in V x is free, and Hom(P 1 ,X, 1— > x) 
contains a union of smooth irreducible components 14, whose image in 
RatCurves n (X, x) is V x . By construction, the morphism Hq — > Hom(P 1 , X, 1— > 
x) takes values in V x . 

By |Kol96l Theorem II. 2. 16], these morphisms glue together and yield a 
morphism 

*: H z — > V x . 

By Lemma 15.31 the morphism ^ is surjective. Moreover, the pair (£, W) 
determines uniquely the curve C in construction 15.11 As C is smooth, it 
corresponds to a unique point in V x ; therefore ^ is injective. 

Finally, V x being smooth, we conclude that \E' is an isomorphism, H z is 
smooth, and V x is irreducible. ■ 

Notice that a and a' = d — a yield not only the same variety X (see 
Remark I3.4.6p . but also the same family V of rational curves on X, and 
V x ^ Hilb [a] (A/P n " 2 ) ^ Hilb [d " a] (A/P n - 2 ) for general x G X. 

The cases a G {0, d} and a G {l,d — 1} are the simplest ones. For the 
reader's convenience, we describe explicitly the latter. 

Example 5.5. If a = 1, then Y is the blow-up of P n at a point. Thus X is 
the blow-up of P n along {pq} U A, where A is smooth, of dimension n — 2, 
degree d, contained in a hyperplane H, and po f • This is one of the 
few examples of Fano manifolds obtained by blowing-up a point in another 
manifold, see [BCW02| . 

The general curve of the family V is the transform in X of a line in P n 
intersecting A in one point. 

Therefore for a general point x G X we have = A = Hilb [1] (A/P n_2 ). 

From the point of view of the family of curves, this is essentially the same 
example as Example II. 3 \ see also [HwalOl Example 1.7]. 

Let us consider now the morphism 

r x : V x — >C X C f( T x,x): 

where x is a general point (notation as in the Introduction). We recall the 
following useful observation. 

Remark 5.6. Let [C] G V x . Then t x is an immersion at [C] if and only if 
C is standard, see [HwaOH Proposition 1.4] and |Ara06l Proposition 2.7]. 
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As x is general, (p: X — > P n 1 is smooth at x, and the differential of ip 
at x induces the linear projection ¥(T^ x ) — ■* P(Tp n _ 1 ) from the point 

We have [T x /pn-i }X ] Cz, because tp\Q is an isomorphism for every C in 
V^, and the projection restricts to a morphism II': C x f n ~ 2 = P(Tp n _! ). 
Observe that there is a commutative diagram: 




where we have set I :=t x o$: % z — >■ C x . 

Proof of Theorem \1.1(A Since II has degree ( ) , is an isomorphism, and 
t x is birational, we conclude that II' has degree (f), therefore C x C P n_1 is 
a hypersurface of degree Moreover C x is irreducible, because V x is. 

We have seen in the above Example that t x is an isomorphism for a = 1 
and a = d — 1, and the statement is clear if a = or a = d. 

We suppose from now on that 2 < a < d — 2; notice that in particular 
d > 4. Since ^ is an isomorphism, the statement follows if we show that the 
closed subset where $ is not an isomorphism (respectively, an immersion) 
has codimension 1 (respectively, 2). 

Let L C P n_2 be a general line. Then Al '■= pJ x (L) is a smooth plane 
curve of degree d, and rr 1 ^) = mib^ (A L /L) is a smooth curve of genus 
1 + 3 CD - a ) - 2 ) W Theorem O (4). 

On the other hand, (IT) -1 (L) is a plane curve of degree ( a ) , hence it has 
arithmetic genus Pa = - l)((f) - 2). 

We claim that ^\n~ 1 (L) cannot be an isomorphism onto its image. By 
contradiction, if it were, the two curves should have the same genus, so we 

«S-i>«S-'> = 1 + ^ (.p..,-,,. 

This yields easily ( ) = a(d — a) + 1, or equivalently d(d — 1) • • • (d — o + 1) = 
al(a(d — a) + 1). Since a < d — 2, we must have 



and hence 



(d-2)-..(d-a+l) > -, 

Equivalently, we get d 2 - (2a + l)d + 2a 2 - 2 < 0. It is easy to see that this 
contradicts the assumption 2 < a < d — 2. 

We conclude that the closed subset where $ is not an isomorphism has 
codimension 1. 

Let us consider again the plane curve Al- Since Al — > L is a general 
projection, every non-reduced fiber contains just one double point. Hence, 
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for every [£] E L, the intersection £ n A is either reduced, or has a unique 
non-reduced point, of multiplicity 2. By Lemma 15.21 for every W C £ n A, 
the corresponding curve C C X is standard, therefore r x is an immersion at 
*([W]) by Remark 

We have shown that $ is an immersion in every point of II -1 (L), hence 
the closed subset where is not an immersion has codimension at least 2. 

Suppose now that n > 4, and let P C P n ~ 2 be a general plane. Then 
Ap := p~ (P) is a smooth surface of degree d in P 3 , and — > P is the 
projection from a general point. Let B C P 2 be the branch curve of this 
projection. It is classically known that B has only nodes and cusps, see 
[UFllj . Moreover, the fiber of Ap — > P over a smooth point z € B contains 
just one double point, the fiber over a node contains two double points, and 
the fiber over a cusp contains one triple point (see |CF1H Proposition 3.7]). 
The number of nodes in B depends only on the degree d of Ap, and more 
precisely it is d(d — l)(d — 2)(d — 3)/2, see |FLS1H Lemma 3.2(a)]. 

Since d > 4, B contains nodes, and we conclude that there is at least one 

[£] G P such that A n £ = 2p\ + 2p 2 + P3 H h Pd-2- As a < d - 2, we can 

consider the subscheme W := p\ + p 2 + • • • + p a and the point [W] € 7i z . 
Notice that the points p\ and p 2 do appear in W, because a > 2. Then by 
Theorem l6.1l (2). the tangent space of the fiber Il _1 ([^]) at [W] has dimension 
2. 

On the other hand, as II' is a linear projection from a point, the tangent 
space of the fiber (n') _1 ([^]) at <&([W]) has dimension at most 1. This shows 
that $ is not an immersion at [W], and hence that the closed subset where 
$ is not an immersion has codimension 2. ■ 

Corollary 5.7. Let X and V be as in Proposition Assume that 2 < 
a < d — 2, and that n > 4. Then non-standard curves of the family V cover 
X. 

Proof. This follows from Remark 15.61 and Theorem 11.101 ■ 

Example 5.8 (Fano 3-folds). Let X and V be as in Proposition 11.71 and 
consider the case n = 3. Then X is Fano if and only if a < 2 and d — a < 2, 
in particular d < 4. Thus the only case where X is Fano and t x is not an 
isomorphism is for d = 4 and a = 2. This Fano 3-fold X is N. 9 in |IP99|. 
§12.4]. 

In this case A C P is a smooth quartic, V x = 7i z = Hilb [2] (A/F 1 ) is a 
smooth connected curve of genus 7, and II: U z -> P 1 has de gree 6. Using 
Theorem 16.11 (2), one can describe precisely the ramification of II. 

On the other hand, C x C P 2 is an irreducible curve of degree 6 and 
arithmetic genus 10. The normalization T~L Z — > C x is an immersion, but it is 
not injective. 

6. Appendix: the relative Hilbert scheme 

The proof of Theorem 11.91 relies on the following results of independent 
interest. 

Theorem 6.1. Fix integers m, a, and d, such that m > 1 and 1 < a < d. 

Let A C P m+1 be a smooth hypersurface of degree d, z € p" 1 ^ 1 \ A a general 



30 

point, and p z : A — )• P m the linear projection from z ( where we see P m as the 
variety of lines through z in ¥ m+1 ). 

(1) The relative Hilbert scheme Hilb' a ' (A/F m ) is an integral local complete 
intersection scheme of dimension m, and the natural morphism 

U: HilbW(A/P m ) ^P m 

is flat and finite of degree ( ) . 

(2) Let [£} G P m and [W] G n" 1 ^]). Write i n A = h lPl + ■■■ + h rPr with 
hi > 1 and pi / pj for i ^ j, and W = k%p\ + • • • + k r p r with < 
k{ < hi. The tangent space of the fiber IT -1 ([£]) at [W] has dimension 
£i =1 min(A^,fci - h). 

(3) II is smooth at [W] if and only if W is a union of irreducible components 
of in A, equivalently: W n (£ n A - W) = 0. 

(4) Suppose that m = 1. T/ien i/ie curve Hilb^Ol/P 1 ) is smooth of genus 
g = l + lQ(a(d-a)-2). 

The following results will be used in the proof of Theorem 16.11 

Lemma 6.2. Let h be a positive integer, and set: 

A := — 41 and F := Spec A. 
(t h ) 

Let W be a non-empty closed subscheme of F , with ideal L := t k A C A, 
where k £ {1, ... ,h} is an integer. Then: 

(1) dimcHornp(j^, = dime Ext^(^y, &w) = min(fc, h — k); 

(2) Hilb(i ? ) has dimension zero, Ohs{W) = Ext^(j^vy 5 &w)> an d the tan- 
gent space o/Hilb(F) at [W] has dimension mm(k, h — k); 

(3) Hilb(F) is smooth at [W] if and only ifW = F. 

Proof of Lemma \6.2[ We have a short sequence of A-modules: 

— > t h - k A — > A — > t k A = L — ► 0, 

where the second morphism is given by 1 t k , so that I ^ A/t h ~ k A 
as A-modules. Using this isomorphism, a direct computation shows that 
dime HorriA(/, A/L) = min(fe, h — k). 

Applying the functor Hom\(—,A/I) to the above sequence, and using the 
vanishing of Ext\(A, A/L), we get the exact sequence of A-modules: 

— >■ Hom A (/, A/L) — ► Hom A (A, A/L) 

— > Eom A (t h - k A, A/L) — > Ext A (/,A//) — ► 0. 

Similarly as before, observe that t h ~ k A = A/L as A-modules. Moreover, if 
7T : A — > A/L is the quotient map, it is easy to see that ir* : Kom\(A/L, A/L) — > 
HoniA(A, A/L) is an isomorphism of A-modules. Therefore 

Hom A (i' l_fc A,A/J) s Hom A (A/I, A/L) ^ Hom A (A, A/L), 

and we obtain (1): 

dim c Hom A (7, A/L) = dim c Ext A (J, A/L) = min(/c, h - k). 

The Hilbert scheme of F is supported on finitely many points, thus it 
has dimension zero. Recall that by jKo!96l Definition 1.2.6], the obstruction 
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space Obs(W) is a subspace of Ext^(jV, &w) = Ext^(J, A/I). Then (2) 
follows from (1) and |Kol96l Theorems 1.2.8.1 and 1.2.8.4]. 

Finally, (3) follows from (2). ■ 

Lemma 6.3. Let p: A —■ T be a finite morphism between smooth quasi- 
projective varieties. Let F be a fiber of p, and W C F a reduced subscheme 
of length a. Let II: Hilb^(^4/T) re ^ — > T be the natural morphism. Suppose 
that F has a unique non reduced point at z\ . 

Then the Hilbert scheme Hilb^ (A/T) re d is smooth at [W], and there ex- 
ists a neighbourhood for the Euclidean topology U C Hilb^ (A/T) re ^ (re- 
spectively, U\ C A) of [W] (respectively, z\) and an isomorphism l: U\ = U 
such that the diagram: 

Ui ^ U 




commutes. 

Proof. Recall that the Hilbert-Chow morphism Hilb [a] (A) -> A^ := A a /§ a 
maps a zero-dimensional subscheme of length a of A to the associated effec- 
tive 0-cycle of degree a. Notice that [W] is contained in the open subset of 
Hilb^'^) where the Hilbert-Chow morphism is an isomorphism, and that 
Hilb^'(yl) is smooth at [W] since [W] is reduced. 

Let V C T be an open neighbourhood of p{z\) for the Euclidean topology 
such that p^{V) = Ut U • • • U U r , Ui D Uj = if i ^ j, Ut C A is an open 
neighbourhood of z±, and p\\j. : Ui — > V is an isomorphism for i > 2. 

Then, up to shrinking V if necessary, the morphism 

Ul3z ^ (p\ U2 y\p(z)), (p\ Ur y l {p(z)))] e 

yields a holomorphic map 

U x -»• Hilb [al (^/T) red c Hilb [a] (^). 

Notice that U\ -> Hilb [a] (A/T) re d is an immersion, and that it induces a 
bijective morphism l: Ui — > U := l(U\) such that Hp = pp x o i. Our claim 
follows easily. ■ 

Proof of Theorem \6.1[ Let £ C P m + 1 be a line passing through z, and set 
F := £ n A, so that F is a zero-dimensional subscheme of £ \ {z} = A . We 
have: 

IT 1 ^) =Hilb[°l(F); 

in particular II is a finite morphism, and dimHilb^(j4/P m ) < m. 

Let [W] G Hilb [a] (vl/P m ) be a point over [£} G P m . Applying Lemma 
16.21 to every connected component of IT -1 ([.£]), we get (2) and (3), and also 
that dim c Hom F (jV, @w) = dim c Obs(W). Thus, by jKo!96l Theorems 
1.2.10.3 and 1.2.10.4], any irreducible component of Hilb [al (A/F m ) through 
[W] has dimension m, and II is a local complete intersection morphism. In 
particular, Hilb^ (A/F m ) is a local complete intersection scheme, and II is 
a flat finite morphism. 
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By (3), II is etale over [£] if and only if t n A is reduced, i.e. p z is 
etale over [£]. Therefore Hilb^(A/P m ) is generically smooth over P m . In 
particular, Hilb^(^4/P m ) is generically reduced and hence reduced as it is 
a Cohen-Macaulay scheme. 

We proceed to show that the scheme Hilb^ (A/F m ) is irreducible. This 
follows from the fact that since z is general, the monodromy group of the 
projection p z : A — > P m is the whole symmetric group S^, see [Cuk99[ Propo- 
sition 2.3]. 

Let U C P m be a dense open subset such that p z and II are etale over 
U. Set A) := P7\U) C A and Hq := ET 1 ^) = Hilb [a] (A /U). Since Hq is 
dense in Hilb [a] (^/P m ), and H is smooth, we are reduced to show that Hq 
is connected. 

Notice that Hq is a closed subscheme of Hilb^ (Aq), and that every [W] in 
Hq is a reduced subscheme of Aq , so that Hq is contained in the open subset 
of Hilb [a] (A ) where the Hilbert-Chow morphism Hilb w (ylo) -> (A ) (a) is 
an isomorphism. 

Let [W{\ and [W2] be two points in Hq that map to a given point in U. 
Since any irreducible component of Hq maps onto U, it is enough to prove 
that there is a path in Hq joining [Wi] to [Wj]- 

Let [Wi] G (^_o) a mapping to [Wi]. Since the monodromy group of p z is 
the symmetric group S^, there is a path 7: [0,1] — > (^4o) a joining [Wi] to 
[W2], such that the points in 7(4) are distinct and contained in a fiber of 
p z , for every t G [0, 1] . This yields a path joining [W\] to [W2] in Hq, and 
proves that Hilb W (^/P m ) is integral. 

Finally, suppose that m = 1. We show that Hilb [a] (A/P 1 ) is a smooth 
curve of genus 

Notice that since the projection p z : A -> P 1 is general, there are precisely 
d(d — 1) non-reduced fibers, and every non-reduced fiber contains just one 
non-reduced point, with multiplicity 2. 

Let [W] G Hilb^CA/P 1 ) be a point over [£] G P 1 . By (3), either n is etale 
at [W], or £f] A has a double point, W is reduced, and contains this point 
in its support. Note that there are exactly (^Zi) such [W]'s, and that LT has 
ramification index 2 at any of these points by Lemma 16.31 

If II is etale at [W], then Hilb^^/P 1 ) is obviously smooth at [W]. Oth- 
erwise, Hilb^^A/P 1 ) is smooth at [W] by Lemma 16.31 This shows that 
HilbW^/P 1 ) is a smooth curve. 

By the Hurwitz formula, we have: 

2 Q + k«i-i)(*:J)-(5 w «i-.)-2). 

This completes the proof of the theorem. ■ 

Remark 6.4. The same proof shows that for every z G P m+1 \ A, the rel- 
ative Hilbert scheme Hilb^(^4/P m ) is a reduced local complete intersection 
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scheme of dimension m, and that the natural morphism II : Hilb^ (A/F m ) — > 
F m is flat and finite of degree ( ) . Moreover, (2) and (3) hold true. 

We need also a slightly more general version of the previous construction, 
as follows. Let A C P m+1 be a smooth hypersurface of degree d > 1, and fix 
a € {1, . . . , d}. Set 

Q := {[£] € G(l, m + 1) | £ is not contained in A} , 

with its universal family IA := {([£], z) £ Q x p m + 1 | % 6 £}. Let us consider 
the intersection: 

l:=Wn(6 x4). 

The induced morphism X — > <5 is finite and flat, of degree d; the fiber over a 
line [£] is £P\A. The relative Hilbert scheme Hilb^(X/£?) parametrizes pairs 
(£, W) where £ C P m+1 is a line not contained in A, and W is a subscheme 
of length a of £ n A With the same proof of Theorem 16.11 one shows: 

Theorem 6.5. T/ie Hilbert scheme Hilb^(Z/<5) is an integral scheme of 
dimension 2m. 

Proof of Theorem \l.ll\ Let X be as in Example I3.4.2| with n = m + 2. 
Then the statement follows from Proposition ll.7l Theorem 1 1.81 and Theorem 
IO ■ 



Proof o/ Corollarv \1.12i Set a := X)I=i 2 • If a = °> there is nothing to 

prove. If a > 0, consider the relative Hilbert scheme Hilb^ (A/F m ), which 
is smooth of dimension m by Theorem fTTTTl Let II : Hilb [a] (A/F m ) -)• F m be 
the natural morphism, and set W := + • • • + [4r]Pr- Then the tangent 

space of the fiber of II at [W] has dimension a by Theorem 16.11 (2), hence 
a < to. ■ 
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